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Abstract 

For a diffeomorphism, we construct a new type of Pesin blocks and thus a 
Pesin set (Definition II. ip . All Pesin blocks have the same degree of mean hyper- 
bolicity (Definition l3.f p and all sufficiently long orbit segments with starting points 
and ending points at the same block are of the same type of quasi-hyperbolicity 
(Definition \'6.'6\) . We introduce a concept of limit domination (Definition II. 6p . 
which is weaker than the usual domination. For a diffeomorphism preserv- 
ing an hyperbolic ergodic measure /i with limit domination, we show the existence 
of our Pesin set with fj, full measure, and we realize a closing lemma and shadow- 
ing lemma, comparable with Katok's closing lemma and shadowing lemma in the 
(ji+a (0 < a < 1) setting. This enables us to get certain properties in setting 
with limit domination, which are similar to ones in the classical Pesin theory in 
the C^'^'^ setting. We present one of such properties, showing that all invariant 
measures supported on some fi full measure set can be approximated by periodic 
measures (Proposition I1.12p . 
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1 Introduction 



In the study of differential dynamics, uniform hyperbolicity played a crucial role for 
many years. Thus, the development of the so-called non-uniform hyperbolicity theory by 
Pesin, Katok and others was an important breakthrough. However, unlike the uniform 
hyperbolicity theory, the non-uniform hyperbolicity theory assumes that not only the 
differentiability of the given dynamics is of class but also that the first derivative 
satisfies an a-Holder condition for some a > 0. Thus there appears to be a gap between 
these two theories. It seems therefore natural to ask: Can the non-uniform hyperbolicity 
theory be established only under the differentiability hypothesis? The general answer 
to this problem is negative. Pugh pointed out in [12] that the a-Holder condition for the 
first derivative is necessary in the Pesin stable manifold theorem and thus the setting 
is very different from the setting of C^^". Though this is the case, it is interesting to 
investigate partial basic results deduced under the weaker differentiability hypothesis 
plus some domination condition. 

Abdenur, Bonatti and Crovisier [1] realized an analog of the Pesin stable manifold 
theorem in non-uniformly hyperbolic systems with domination. In the present paper, 
we prove results similar to the Katok [B] closing lemma and the shadowing lemma in 
setting with limit domination (Definition II. 6p . which is weaker than the usual domination. 
Applying the Liao closing lemma we can shadow a so-called quasi-hyperbolic orbit 
segment (Definition [3]2]) whose starting and ending points are near by a periodic orbit. To 
guarantee that any orbit segment in the basin of a hyperbolic measure is quasi-hyperbolic 
we need the limit domination condition. 

More precisely, we construct a filtration of Pesin blocks and Pesin set for a non- 
uniformly hyperbolic diffeomorphism with limit domination. All Pesin blocks have the 
same degree of mean hyperbolicity (Definition 13. ip and all sufficiently long orbit segments 
with starting points and ending points at the same block are of the same type of quasi- 
hyperbolicity (Definition 13. 3p . These orbit segments meet the conditions of the Liao 
[7] closing lemma and can be traced by periodic orbits, which gives rise to the closing 
lemma. A shadowing lemma in this setting is obtained by applying a generalization of 
Liao's lemma by Gan [4], to trace the pseudo-orbit consisting of orbit segments with 
starting and ending points in a given Pesin block. 

For applications of our shadowing and closing lemmas, we point out that many proper- 
ties in C^^" Pesin theory whose proofs are based on Katok's closing lemma and shadowing 
lemma remain true in the setting with limit domination. We show one such appli- 
cation in the present paper. Sigmund [13] in 1970 showed that invariant measures are 
approximated by periodic measures for uniformly hyperbolic diffeomorphisms. This 
approximation property had realized in C^~^" non-uniformly hyperbolic diffeomorphisms 
in 2003, when Hirayama [5] proved that periodic measures are dense in the set of invariant 
measures supported on a full measure set with respect to a hyperbolic mixing measure. 
In 2009 Liang, Liu and Sun [9] replaced the assumption of hyperbolic mixing measure 
by a more natural and weaker assumption of hyperbolic ergodic measure and generalized 
Hirayama's result. The proofs in [3 E] are both based on Katok's closing and shadowing 
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lemmas of the 0^^°" Pesin theory. We estabhsh this approximation property (Proposi- 
tion I1.12P by using our shadowing lemma (Theorem ll.3[ ll.9p in the setting with limit 
domination. 

Let M be a compact D-dimensional smooth Riemannian manifold and let p denote the 
distance induced by the Riemannian metric. Denote the tangent bundle of M by TM and 
set T*M = {ue TM\ \\u\\ = 1}. Denote by Diff^M) the space of diffeomorphisms of 
M. Hereafter let / G Diff^(M). Now we start to state our results in three subsections. 

1.1 Pesin blocks, Pesin set, shadowing lemma and closing lemma 

In this subsection we introduce the definitions of our new Pesin blocks and set, and then 
state two theorems of shadowing and closing lemma. Denote the minimal norm of an 
invertible linear map A by m{A) = ||74~^||~^. 

Definition 1.1. Given K E N, C > 0? ^^^^^ /'^^ k E Z+, we define Ak = Ak{K, Q to 
be all points x E M for which there is a splitting T^M = E{x) © F{x) with the invariance 
property Dxf{E{x)) = E{f{x)) and D^f^F^x)) = F{f{x)) and satisfying: 

iogprU(.)ii + E;=oiogii^/''i 

IK + r - ^' 

\f I > k, \f < r < K -1; 

log m(D/"V(j-iA-^.(^))) + E7i-;log"^(-P/^lF(/i^(x))) ^ 

IK + r - ^' 

\f I > k, W < r < K -1; 



(a). 



(fc). 



kK + r m{Df'"^+'^\F(^^)) 

and llog^^Q^i^^ < -2C, M l>kK. 

Denote by A = A{K,() the maximal f— invariant subset of [Jf,~^^Ak, meaning 

neZ k>l 

We call A a Pesin set and call Ak{k > 1) Pesin blocks, (see FigureU\ andl^ to explain 
(a), (b) and (c), respectively). 
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Figure 1: Graph to show (a) and (b). 
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Remark 1.2. For given K G N and C > 0, obviously Ak{K, () C Ak+i{K, Q, VA; e N 
and A{K, () C A{iK,(), Vz G N. We will illustrate our new Pesin set more precisely in 
Section |21 

The definition of our Pesin set is based on a generalized multiplicative ergodic theo- 
rem (Lemma EU]) and limit domination (Definition II. 6p . It enables us to realize, in Section 
m and m shadowing properties on nonempty Pesin blocks by using Liao's closing lemma 
in a non-uniformly hyperbolic system with limit domination. 

To state shadowing lemma and closing lemma we need some notions. Given x G M 
and n G N, let 

{x, n} := {P{x) I j = 0, 1, ■ ■ ■ , n}. 

In other words, {x, n} represents the orbit segment from x. For a sequence of points 
{xi}t^oo ^ a sequence of positive integers {ni}f^^, we call {xi, ni}f^^ a 6- 
pseudo-orbit, if p^f^-^i^Xi), Xj+i) < 6 for all i. Given e > 0, we call a point x G M 
an £-shadowing point for a pseudo-orbit {xj, rij}^^, if p(/^'+-'(x), /■'(xj)) < e, V j = 

0, 1, 2, • • • , nj and V i G Z, where Cj is defined as 

{0, for i = 

E;-;n„ for2>0 (1.1) 
-Eji^-i' fori<0. 

Now we state shadowing lemma and closing lemma on nonempty Pesin blocks(Nonempty 
discussion will appear in next subsection). 

Theorem 1.3. (Shadowing lemma) If Ak{K, Q for some k, K and C > 0, then 
Ak{K, satisfies the following shadowing property. For^ £ > 0, there exists 5 > such 
that if a 5-pseudo-orhit {xj, nij^^o satisfies rii > 2kK and Xj, f^^{xi) G Ak{K, Q for all 

1, then there exists a e-shadowing point x G M for {xi,ni}f^^. If further {xi,ni}^^^ 
is periodic, i.e., there exists an m > such that Xj+m = Xi and rij+m = for all i, then 
the shadowing point x can be chosen to be periodic. 

Taking m = 1 from Theorem 11.31 one deduces the closing lemma. 

Theorem 1.4. (Closing lemma) If Ak{K, C) 7^ for some k, K & N and ( > 0, then 
Afc(K, () satisfies closing property in the following sense. For We > 0, there exists 6 > 
such that if for an orbit segment {x, n} with length n > 2kK, one has x, /"(x) G A^^K, () 
and p(x, /"■(x)) < S, then there exists a point z = z{x) G M satisfying: 

(1) f-{z) = z; 

(2) p{f\x), f\z))<e,i = Q, 1, ■■■ ,n-l. 

1.2 Existence of Pesin set for hyperbolic measures with Umit 
domination 

What systems does our Pesin set exist in? In this subsection we answer this question in 
non-uniformly hyperbolic systems with limit domination (defined below). Before that 
we introduce some notions. 
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We begin with the notion of ergodic measure. A Borel measure /i is said to be 
/—invariant, if = fi{B) for all measurable sets B. An /—invariant measure fi 

is said to be / ergodic, if the only measurable sets B with f^^{B) = B satisfies = 
or /u(-B) = 1. Given an ergodic measure /i, by the Oseledec theorem [10], there exist 

(a) real numbers, called Lyapunov exponents of /i, 

Xi < X2 < ■ ■ ■ < Xw (W < D) (1.2) 

(b) positive integers mi, ■ • -, rriR, ■ ■ ■, mw, satisfying mi + ■ ■ ■ + mw = D; 

(c) a Borel set L{fi), called Oseledec basin of satisfying fL{fi) = L{fi), and jj,{L{jj)) = 1; 

(d) a measurable splitting T^M = EIQ)---®E^ with dimE* = m^ and Df{El.) = E'^^^^ 
such that 

lim = A., 

with uniform convergence on G -E* | ||f || = 1}, ^ = 1, 2, ■ ■ ■ , W . 
Now we recall the notion of hyperbolic ergodic measure. 

Definition 1.5. We call an f ergodic measure fi to be hyperbolic, if 

(1) none of the Lyapunov exponents for /i are zero; 

(2) there exist Lyapunov exponents with different signs. 

If is an / hyperbolic ergodic measure, then from Oseledec theorem above there is 
i? G N such that < < Xr^i in the inequality f ll.2p . Let 



E\x) ■.= El®---®E^ 

and 

E^{x) := Ef+i © ■ ■ ■ © , 

then we get a measurable D/— invariant splitting T^M = E^{x) © E^{x) on called 
Oseledec' s hyperbolic splitting of /x. 

Before introducing limit domination, we recall the usual domination. Let A be an 
/—invariant set and TaM = E ® F he a. D/— invariant splitting on A. T^M = E (B F is 
called {S, A)-dominated on A (or simply dominated), if there exist two constants S G Z+ 
and A > such that 

, \\Df \e{x)\\ . o\ w ^ A 

m/si V - ~2A, Va; G A. 

By Bochi and Viana ^ for generic volume preserving and non-uniformly hyperbolic 
symplectic systems, its Oseledec splittings are dominated. Now we start to introduce the 
notion of limit domination. 

Definition 1.6. Let A be an f —invariant set and Ti^M = E ® F be a Df— invariant 
splitting on A. T^M = E ® F is {S,X) -limit- dominated (or simply limit- dominated), if 
there exist two constants S G Z+ and A > such that 

hm log ,^ ^ " . < -2A, Vx G A. 

m{Df^\Fi^fis^x))) 
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In this case we say that suhhundles E = IJa;eA-^(^) ^'^^ ^ ~ UxeA -^(^) satisfy {S,\)- 
limit domination. The left limit is called limit- dominated function. 

Remark 1.7. In Definition 11.61 the set A is not necessarily compact, and the splitting 
TxM = E{x) © F{x) is not necessarily continuous on A. Since A is /—invariant, one has 



\\Df 



lim log " - W)" < _2A, Vx G A 

i^+oo m{Df^\F(fis(^-))) 

^ 1 \\^f^\E(f{x))\\ , o\ w ^ A 

^ lim log — < -2A, Va; G A. 



Remark 1.8. On one hand, in the probabilistic perspective, limit domination is equiva- 
lent to domination. More precisely, for an invariant measure, it is easy to see that limit 
domination on a full measure set implies domination on all recurrent points (A point x is 
recurrent if there is Ui t +oo such that limj_!.+oo (a^) = x). Since the set of recurrent 
points is of full measure and dominated splitting can be always extended on neighbor- 
hoods, one has domination on the support of this measure. Thus, limit domination on 
a full measure set implies domination on the support of this measure. On the other 
hand, limit domination is weaker in the geometric perspective, see Example 12.31 Further- 
more, the limit-dominated function is more convenient to connect Lyapunov exponents of 
Birhorff averagefProposition 12. 5p . So we introduce limit domination in the present paper. 
More precise discussion will appear in Section [2J 

Now we state a theorem to show the existence of Pesin set with full measure in non- 
uniformly hyperbolic systems with limit domination. 

Theorem 1.9. Let f G Diff^(M) preserve an hyperbolic ergodic measure fx. Assume that 
the Oseledec's hyperbolic splitting T^M = E^{x) © E^{x) on L{n) (or on a full-measured 
set) is {S, X)- limit- dominated. Let Xg and A„ be the maximal and minimal Lyapunov 
exponents in E^ and E"^ , respectively. Let f3 = min{— A^, A^, ^} and take ( with < ( < 
f3. There exists Kq G Z+ such that for all K > Kq Pesin set A(if, Q is of ^ full measure. 

Remark 1.10. For a non-uniformly hyperbolic system on a surface with (1, A)-limit dom- 
ination, since the subbudles are both one dimensional, one can take Kq = 1 and get a 
Pesin set A{K, () of full measure for any K > 1 according to the proof of Theorem 11.91 
in Section [51 



1.3 Density of periodic points and measures 

Denote by Per{f) the set of all periodic points and denote by Per{f) the closure of 
Per{f). As an application of Theorem 1 1 . 9 1 and Theorem II. 4[ we get a corollary as follows. 

Corollary 1.11. Under the assumptions of Theorem \l.y[ it follows that supp{fi) C 
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The same result in the case was first proved by Katok[6j. We omit the proof of 

Corollary 11.111 because it is similar to the proof in [6j . 

We call a measure /i to be a periodic measure, if there is a periodic point z with period 
p such that [J^ = \ X]r=o ^/'{^)' where denotes the Dirac measure at x. Given a Pesin 
set A(i\:, C), let 

oo 

Afc(ir, := supp(/i|A,(^,c)) and ~k{K, Q ■=\^K{K, Q. 

k=l 

Then as an application of Theorem 11.91 and II. 3[ we get the following. 

Proposition 1.12. Let us make the same assumptions as in Theorem \1.9[ Then there 
exist A' e N and C > such that k[K, Q is of fj, full measure, and the set of periodic 
measures is dense in the set of all f— invariant measures supported on A{K, (). 



The proofs of Theorem 11.31 and 11.41 are based on the closing lemma by Liao [7] and its 
generalized shadowing lemma by Gan [4J, which help us properly realize the shadowing 
and closing lemma on our new Pesin blocks. The proof of Theorem 11.91 is based on two 
types of weak hyperbolicity. One comes from nonzero Lyapunov exponents and the other 
from limit domination. These tools help us to construct a new Pesin set with full measure. 
The proof of Proposition 11.121 is an application of Theorem 11.91 and Theorem 11.31 



2 Limit domination 

In this section we mainly discuss certain properties of limit domination itself, and the 
relations of limit domination and domination in topological perspective. Moreover, we 
point out that the limit domination is closely related to the gap of mean expanding 
Lyapunov exponent on the unstable bundle and mean contracting Lyapunov exponent on 
the stable bundle. 

Similar to the case of domination whose splitting is unique if one fixes the dimensions 
of the subbundles (see [2]), the limit-dominated splitting is also unique if one fixes the 
dimensions of the subbundles. For two subbundles E{x) and F{x), define 

Z{E{x), F{x)) = mi{\\u - v\\ : = = 1, m G E{x), v G F{x)]. 

Let 

a = max log 



Clearly a > 0. The following proposition points out more properties that limit domination 
has in common with domination. 

Proposition 2.1. Given two constants S G Z+, A > and an f invariant set A, if there 
is an {S, X) -limit- dominated Df -invariant splitting T^M = E{x) © F{x) on A, then the 
following properties hold. 
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(1) For any integers < g < S — 1 and k > the splitting T^M = E{x) © F{x) is 
{kS + q,kX — ^) -limit- dominated on A. 

}cfc ^ > n Qoinh in ni Iitt 



(2) There exists Cq > such that lim^ , AjEj T^fx)), Ff T^fx))) > Cq, Vx G A. 



Proof (1) Let K = kS + q. Since T^M = E{x) © F(x) is (5*, A)-limit-dominated and 



- TT 



k-1 



i^"^P/^lF(/'+.s(^))) 



by Remark 11.71 one has 



, \\Df^\Eif{x))\\ ^ V^i \\Df^\E{f+-S(^^))\\ 

lim log ,^ „„| , < lim > log ,^ + qa 

< -2k\ + qa, Vx G A. 

Thus T^M = E{x) © F(x) is (/cS + g, fcA - ^)-limit-dominated on A. 
(2) Let 

c = min m(L)^/'^), C = max\\D^f\\. 

Clearly c, C G (0, +cxd). By continuity of the tangent bundle T^M, there exists real 
number Cq > such that if IIm — v\\ < Cq, \\u\\ = \\v\\ = 1, u, v E T^M then 



- \\Dj''{v)\\\ < c(l - e'"), Vx G M, 



which implies 



\\D-xf{u)\\ . \\Dxf{v)\\~c{l-e->^) , 

- \\DJS^^)\\ - ■ ^ - ) 

Since T^M = E{x) © F(x) is {S, A)-limit-dominated, for any x G A, there exists an 
integer A^(x) > 1 such that for n > iV(x), 

log " ' 'f^ < -2A + A = -A. (2.4) 

For n > N{x) and two vectors u G E{f"'^{x)),v G F(/"'^(x)) with = UtiH = 1, we 
claim that Hm — I'll > cq. Otherwise, it holds that Hm — f || < eo, and thus by the inequality 

\\Df\Eirs^x))\\ ^ \\Dxf{^)\\ ^ ^-X 



which contradicts (12. 4p . So, we have 

z(E(r^(x)),F(r^(x))) 
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= inf{||M-t;|| : = \\v\\ = 1, u E E{r^x),v G F{r^x)} > Cq, 
for all n > N{x) and therefore 

lim Z(E(r^(x)),F(r^(x))) > eo, X G A. 



□ 



Clearly, {S, A)-domination implies {S, A)-limit domination and the later is weaker. The 
following proposition focuses on the inverse implication. 

Proposition 2.2. Let us make the same assumptions as in Proposition \2.1\ If further A 
is compact and T^M = E{x) © F{x) is continuous on A, then there exists hq > such 
that for every n > no, T^M = E{x) © F{x) is {nS, A) dominated on A. 

Proof Since T^M = E{x) ©-F(x) is {S, A)-limit-dominated, for any S > 0, there exists 
an integer l{x) > 1 such that for all / > l{x), 

which implies 



Letting / — )■ +oo we have 



lim - log 



\\Df^\E{pS{x))\ 



-OO / j-^ m{DfS\F(f^S^^))] 



Letting (5 — )■ one has 



hm - > log ,^ „„, — < -2A. 



Thus we can take n{x) > 1 such that 

n(a;)-l ||nfS'| , 11 

1 ^ log llf^^l^-'-"" <-2A + A = ^A.x6A, 

Since TM = E' © F is continuous on A, there exists a neighborhood of x such that 
for every y E Vx one has 



< -A. 



4=0 
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We take a finite cover {Vx^, Vx^} for tlie compact A and let = max{n(xi) , ... , n{xq)}. 
Let 

7 = maXxeA log r • 

Then 7 < oo because of the continuity of splittings E and F and the compactness of A. 
We define inductively a sequence A^^ : A — t- N by 

No{x) = 0, Ni{x) = min{n{xi) : x G Vx,,i = 1, ...,q}, 

Nk+i{x) = Nk{x) + iVi(/^'=(-)^(x)), k>l. 
Thus, for all X G A and n, there exists k such that Nk{x) <n< Nk+i{x). Hence 

\\Df^\ II 

E log fLs7^' \ < -M^)^ + - ^'=(^))7 < -nX + N{X + 7). 



i=0 



By taking riQ = [2 + + 1 where [a] denotes the maximal integer less than or equal 

to a, we then have 

m(C/->'|.,.,) =^ ^ '""^ m(Z)/-V,/..,.„) - 

for all X G A and n > no, which deduces that TxM = E{x) © F{x) is (nS*, A)— dominated 
on A. □ 

Given an ergodic measure /i of /, if A := is compact and the stable and unsta- 
ble subbundles in the Oseledec splitting are continuous, {S, A)-limit dominated implies 
(nS', A)-domination for some large integer n, which is weaker than (5, A)— domination. 
However, in general, the Oseledec Basin A := L{fi) is not compact, the {nS, A)-domination 
cannot be derived from {S, A)-limit domination on A, even if the stable and unsta- 
ble subbundles in the Oseledec splitting are continuous (see Example 12.31) . Therefore, 
(S*, A)— limit domination is indeed weaker than the usual (S", A)— domination. In the 
present paper the stable and unstable subbundles in the Oseledec splitting are not neces- 
sarily continuous when one assumes the limit domination in the main theorems, thus our 
limit domination is strictly weaker than the usual domination. 

To further illustrate the differences between limit domination and domination, we 
construct a simple example as follows. 

Example 2.3. Let g be a C^'{r > 1) increasing function on [0, 1], satisfying: 

g{0) = 0, ^'(0) = ^, ^(1) = 1, ^'(1) = 1, gi^) = i, g'i^) = and 
g{x) < X, for all x G (0, -), g{x) > x, for all x G (-, 1). 
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Figure 3: Graph of the function g. 

And let h : T"^ ^ T"^ be the hyperbolic Torus automorphism 

{y, z)^i2y + z,y + z), y,zeS' = M/Z. 
Define f = g x h : ^ . Clearly, 

/ g'{x) 
Df{x,y,z)= 2 1 
V 11 

There exists naturally a continuous splitting TT^ = Ei ® E2 ® E^, where E2 and 
E3 are from the hyperbolic Torus automorphism h and Ei is g— invariant. The forward 
Lyapunov exponent of Ei is log | over T^ — {^} x (we only use the forward Lyapunov 
exponent for the stable subbundle in construction of our new Pesin set in section 3) and the 
Lyapunov exponents ofE2(BEs over {0} xT'^ are log^^^, log ^^'^ respectively. Set E^ = 
Ei®E2 and E^ = E3, then E^®E^ construct a continuous D f -invariant splitting ofTT^ 
over the whole space T^ and the two subbundles satisfy (l,log(3 +\/5)2)-limit dominated 

over T^ — {|} x (hint: log = — 2 log(3 +v^)^y'- However, the limit- dominated 

2 

property can not be extended to the whole space T^ because the splitting over every point 

34V5 

{^,y,z) {y,z E S ) does not have limit domination(hint: logj^ = 0^), even though the 

2 

splitting is continuous on the whole space T^ . In this example, the maximal f— invariant 
set admitting domination is {0} x T^. Moreover, every point (0,p) is hyperbolic periodic 
point where p is a hyperbolic periodic point for h. Denote by 6q the point measure at 
point G S*^ and denote by m the Lebesgue measure on T"^ , then the product measure 
^ = 60 X m is a hyperbolic ergodic measure of the difjeomorphism f = g x h with three 
nonzero Lyapunov exponents —\og2, — log^^^y^, log^^^. □ 

Remark 2.4. In Example 12. 3l the Oseledec basin of hyperbolic ergodic measure fi = Soxm 
is L{n) = supp(/i) = {0} X T^. Taking K = 1 and < C < log2, our Pesin set A(l, () is 
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\ {i} X T2 and every Pesin block Afc(l, C) is [0, a^] [J[bk, 1] x for some G (0, i) 
and bk G 1). Clearly A{K, () — {L{fi) Usupp(/i)) is not empty and has Lebesgue full 
measure. 



Given an integer K > and an /^-invariant hyperbolic measure u, by the Oseledec 
theorem and the Birkhoff theorem, there exists an /^-invariant set -B(z^) with z/-full 
measure and a measurable Df^ invariant splitting T^-M = E^{x) © E^{x) on B{v) such 
that the following limits exist 

lim ylog||L'/'^|i5.(^)||, lim \\ogm{Df^\Eu{x)), 

and 

^ l-l ^ l-l 

lim - VlogllD/^lijsfpiff^))!!, lim - V logm(D/^|s.(pif (^))), 

3=0 i=0 



which are denoted respectively by As(x), Att(x) and A'^(x), A"(x) for every x G Biy). 
Clearly, As(x) < X^^x) and A„(x) > A"(a;). If A'*(x) < and A"(x) > — a. e. x, we say, 
for convenience, that E is mean contracting, E^ is mean expanding and (/^, i^) is mean 
hyperbolic. We denote 



A(x) := hm log 'Vn/i^r^^'"^^ 'v VxGi?(z/). 

Clearly the functions A'*(x), A"(a:) and A(x), x G -B(z^) are /'^-invariant. The concept of 
limit domination relates in a more natural way to mean expansion and mean contraction 
by the following proposition. 

Proposition 2.5. (1) For every x G B{iy), X{x) > A'*(x) — A"(x) > As(x) — A„(x). 

(2) If u is -ergodic, then A(x), A'*(x), A"(x) are constants v a.e. x G B{v). 

(3) For X G B{u), if the limit 

lim log \\Df''\^^if"^i^))\\ 
i^+oc m{Df^\Eu(fiK(^))) 

exists, then \{x) = A'^(x) — A"(x). 

Remark 2.6. Let us take an hyperbolic ergodic measure fi (not necessarily /^-ergodic) 
together with its hyperbolic splitting T/^M = E^ (B on the Oseledec basin A and 

explain the limit domination condition. Once the limit A(x) := lim^^+oo log ^nj-sf ''^'"^ '"'^^^^ 



exists, by Proposition 12.5( 3) it coincides with the difference between Birkhoff averages 



1 

A^(x) := lim -y^\og\\Df^\Es(^fjK^^))\\ and 

j=0 
1 

A"(x) := lim -^logm(D/^|£;.(pK(^))), 



i— >+oo I 

j=0 
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which exist for /i— a. e. x G A. If further X'^{x) < 0, A"(x) > 0, then A(x) = A'^(x)— A"(x) < 
0. In the particular case when dim{E^) = dim{E^) = 1, the limit X{x) coincides with the 
difference between negative Lyapunov exponent 

hm yl0g||D/'^U.(,)|| 

and the positive Lyapunov exponent 

lim hogm{Df^\Eu(^^)), 

l—^+oo L 

/i — a. e. x G A. In the general case without assumption of the existence of the limit A(x), 
the upper limit 

lim log — 

could by Proposition 12.5( 1) exceed the difference A^(a;) — A"(x) and thus exceed the 
difference between the largest negative Lyapunov exponent and the smallest positive Lya- 
punov exponent of /i and could reach zero or even bigger. In other words, the difference 
between the largest negative Lyapunov exponent and the smallest positive Lyapunov ex- 
ponent of /X is not enough to control the "bad situation" where Df^ expands on the 
"contracting" bundle E'^[f^[x)) more than on the "expanding" bundle E^[f^[x)) on 
Orb{x, f^) := {/''^(x)}. Our {S, A)-limit-domination condition requires that Df^ expands 
on the "contracting" bundle E^{f'"^{x)) eventually A— less than that on the "expanding" 
bundle E^{f^^{x)) on Orb{x,f^) for /i — a. e. x G A. In the present paper, however, 
without assumption of the existence of the limit 



hm log 



Kl 



we have to face the general case of two different types of weak hyperbolicity: mean 
hyperbolicity and limit domination. 

Proof (1) By the definitions of X^{x) and A"(x) one has 

hm - > log ,^ ' '\ = X'{x) - A"* X . 

For £ > 0, by definition of A(x) there exists a positive integer l{x) > 1 such that 

which implies 
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Letting / — +00 we have 



lim - log 



= hm — - > log ,^„„| — < X{x) + e. 

i^+co I - l{x) .f^^ m{Df^\Eu(^pK(^^))) 

Letting £ — )■ 0, 

X'{x) - A"(x) < X{x). 

(2) Since A(a;), A'*(a;), A"(a;) are /^-invariant and u is /^-ergodic, A(x), A'*(a;), A"(a;) 
are constant functions for u.a.e. x G B{v). 

(3) The proof is similar to that in (1). □ 



3 New Pesin set 

In this section we investigate more properties of the Pesin set. Before that we introduce 
some concepts. We begin with a notion of degree of mean hyperbolicity. 

Definition 3.1. Let K E N, ( > 0. For a given f -invariant subset A, let T^M = 
E{x) © F{x), X E A be a Df -invariant splitting. We call A a mean non-uniformly 
hyperbolic set with {K, Q-degree, if forWx G A, one has 



Ih^ y!^^^4^(^^<-C, and 



j=0 



3=-l 

We recall a notion of Liao's quasi-hyperbolic orbit segment |11 [7]. 

Definition 3.2. Fix arbitrarily two constants C > and e G Z+ and consider an orbit 
segment 

{x,n}:={f%x)\ t = 0,l,2,---,n}, 

where x G M and n G N. We call {x, n} a {(, e, q) -quasi-hyperbolic orbit segment with 
respect to a splitting 

T,M = El ® El, 
if dim E^ = q and there is a partition 

= to < ti < ■ ■ ■ < tm = n (m > 1) 
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such that tk — tfc-i < e and 

(1). ^S^tilog||/^/*^-*-M^*,-.(^,)||<-C, 

We use the notion of quasi-hyperbolic orbit segment to introduce a concept of type of 
quasi-hyperbolicity. 

Definition 3.3. Let k, K G N, C > 0. For a given subset A (neither necessarily 
f— invariant nor -invariant maybe), letT^M = E{x)(BF{x) {x G A) be a D f -invariant 
splitting, meaning that it is invariant on each orbit orb{x,f) (A contains not necessar- 
ily the whole orbit orb{x, f) ) for s G A. We say that A is a quasi-hyperbolic set of 
{(, {k + l)K)-type, if any orbit segment {x, n} := \i = 0, 1, ■ ■ ■ ,n} {n > 2kK) with 

starting point and ending point in A is {(, {k + 1) K) - quasi- hyperbolic orbit segment of f . 

Now we use the above notions to present more properties for Pesin blocks and set. 

Proposition 3.4. For given k, K ^ N and ^ > 0, the Pesin block Ak{K, () is closed 
and is a quasi-hyperbolic set of {(, {k + l)K)-type, and the splitting T^M = E{x) © F{x) 
on Afe(A', () is continuous. Further, the Pesin set A{K, is a mean non-uniformly 
hyperbolic set with {K, () -degree. 

Proof Given an orbit segment {x, n} := {f^{x) \ i = 0, 1, ■ ■ ■ , n} {n > 2kK) with 
starting point and ending point in Ak{K, (), i.e., x, /"(x) G Ak{K, (), we show that 
{x, n} is (C, {k + l)_ft')-quasi-hyperbolic orbit segment. 

Write n = IK + q, where / > 2k and Q < q < K — I. Let m = I — 2k + 2 and 

to = 0, ti = {k + i- l)K + g, z = 1, 2, ■ ■ ■ , m - 1, t^ = IK q. 



Thus we get a partition 

to < ^1 < ^2 < ■ ■ ■ < tm-l 



In the partition, the starting subinterval has length of kK + q, the ending subinterval has 
length of kK, and the rest have length of K. 

Since x G Ak{K, Q, by (a) in Definition [TTT] while taking r = q we have 

^s;.^,iog||Df^-*-^|^.,_,(^(,))|| 

^ ^og\\Df''\E{x)\\ + Ej=r^logll-P/^|g(/^^+''W)ll ^ _^ 
- q + {k-^i-l)K - 



i = 1, 2, ■ ■ ■ , m — 1, and 

1 



s"Liiog||i^/ 



^j=l^^B\\^J \fj~i{E(x)) 
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q + lK - ^' 

which gives rise to the first inequahty in Definition 13.21 
Notice that 

I — k — i + 2>l — k — m + 2 = k, i = 1, 2, ■ ■ ■ , m. 



Since /"(x) G Ak{K, Q, by (b) in the Definition 11.11 while taking r = we have 

^ E-,logm(D/*^-*-M^*,.,(^(,.„) 



> logm(D/^|p(pA-(^.(,)))) ^ 

^ (l-k~i + 2)K 



i = 2, ■ ■ ■ , m, and while taking r = q we have 

1 



_ S™ilogm(D/*^-*-^|^.,.,(^(,))^ 

I'm ''0 



eK\ 



> ^ > c, 



which gives rise to the second inequality in Definition 13.21 

Before continuing our proof we present Figure H] to illustrate the concepts. We denote 
by ti and take k = 3, / = 10, q = 1, m = 6 and n = lOK + 1 in the Figure, and 
draw a graph for the inequality (1) and (2) of {(,4:K) = {(, (3 + l)K) quasi-hyperbohc 
orbit segment {x, lOK + 1}. 




Figure 4: inequalities (1), (2) of {(,4:K) quasi-hyperbolic orbit segment. 

Now we continue our proof and verify the third inequality in Definition 13.21 Since 
X G Ak{K, () and ti = kK + g , by (c) in Definition 11.11 while taking r = q we have 

1 \\Df''''"\foiEi.))\\ 

ti - to °^m(D/*i-*o|^to(p(^))) 
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\\Df 



kK+q\ 



E{x)\ 



log < -2c 



kK + q ^m{Df^^+i\F^^)] 
while noting that ti > kK, i = 1, 2, ■ ■ ■ , m — 2, we have 

log ■ 



1 , \\Df^\fi-i{E{x))\\ ^ OA ■ o 1 

^ .n/Kl - "2C, 2 = 2, ■ ■ ■ , m - 1 



and while tm — tm-i = kK and tm-i + jK > kK, we have 



log- 



1 4^, 11^/^' 



-l+Jif(£;(a;))| 



< _ y log < 



which gives rise to the third inequality in Definition 13.21 

Before continuing our proof we also present Figure |5] to give an explanation. We 
denote by ti and take /c = 3, / = 10, 5' = 1, m = 6 and n = lOK + 1 in the Figure, 

and draw a graph for the inequality (3) of {(,4:K) = {(, (3 + l)K) quasi-hyperbolic orbit 
segment {x, lOK + 1}. 



Figure 5: inequality (3) of {(,4:K) quasi-hyperbolic orbit segment. 



Observe from the partition that ti — ti_i < {k + l)K. So {x,n} is a {(, (A; + l)i^')-quasi- 
hyperbolic orbit segment. Thus, by Definition 13.31 Ai,(K. Q is a quasi-hyperbolic set of 
(C, {k + l)K)-type. 

Next we show that Ak{K, () is closed. Clearly the three conditions in the definition 
of Afc(_ft', imply that the splitting T^M = E{x) Q) F{x) is unique. If x G M and Xj G 
Ak{K, > 1) is a convergent sequence with limj^+oo Xi = x, with the choice of k fixed, 
then by a compactness argument we can choose a convergent subsequence of the subspaces 
— )■ ^'{x), as j — )■ +00 where ^ = E, F. By assumption Xi. G Ak{K, (), conditions 
in the definition of A^^K, () are satisfied by E{xi_.) and F{xi^). Letting j — )■ +oo, then 
the three conditions in the definition of Ak{K, Q hold for the subbundles E'{x) and F'{x). 
By the uniqueness condition above, E'{x) = E{x) and F'{x) = F{x). So a; G Ak{K, Q 
and thus Ak{K, () is closed. 
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By the uniqueness condition above, there is only one possible limit for E{xi.) and 
F{xi.). Thus the splitting x i— )■ E{x) © F{x) is continuous on Ak{K, (). That A{K, Q is 
a mean non-uniformly hyperbolic set with {K, Q-degree is an easy consequence. 

By (a) and (b) in Definition II ■![ it is easy to see that the Pesin set A{K, () is a mean 
non-uniformly hyperbolic set with {K, C)-degree. □ 

In contrast to the situation for the sets Ak{K, (),k > 1, we should observe that, 
in general, A itself need not necessarily be compact, nor is it necessarily true that the 
splitting T^M = E{x) © F{x) is continuous on A{K, (). We would like to discuss more 
about the comparison between our Pesin set and the Pesin set in the usual sense (see for 
example Chapter 4 in |llj). The k-th Pesin block in the usual sense is hyperbolic with a 
degree corresponding to k, the degree becomes weaker as k becomes bigger. Keeping a 
given degree of hyperbolicity a trajectory with starting and ending points in a given Pesin 
block in the usual sense is, in general, not possible to stay long time outside this block. 
Each orbit segment contained in our k — th Pesin block is mean hyperbolic of {(, {k + l)K) 
degree, where neither K nor ( depends on k. Keeping a given degree of mean hyperbolicity 
a trajectory with starting and ending points in a fixed Pesin block in our definition can 
stay sufficiently long time outside this block. This allows us to trace a long trajectory with 
starting and ending points in a given block by periodic orbit by using Liao's lemma[71 H] 
(see Lemma [4.11 below), which plays an important role in approximating every invariant 
measure by periodic measures in the proof of Proposition 11.121 



Proof of Theorem 1.3 



To complete the proof of Theorem II. 3[ we need Liao' closing lemma [7] and its gen- 
eralization by Gan [1]. Before that we need to a concept of quasi- hyperbolic pseudo- 
orbit. Let C>0, e,gGZ+, (5>0. Given a sequence of orbit segments {xi, ni}f^^, 
we call {xi, rii}^^^ a {(, e)-quasi-hyperbolic (5-pseudo-orbit with respect to splittings 
Tx^M = E^{xi) © E'^{xi), if for any i, dim{E^{xi)) = g is independent of the choice of 
i, {xi, ni}f^^ is a 5-pseudo-orbit and every orbit segment {xj,nj} is a {(, e, g)-quasi- 
hyperbolic orbit segment with respect to the i-th splitting T^.M = E^{xi) © E'^{xi). Now 
we state Liao' closing lemma [7] and its generalization 

Lemma 4.1. \2lj) Por any ^ > 0, e G Z+, there exist L > 0, do > with following 
property for any d G {0,do]. If for a {(, e)- quasi-hyperbolic d -pseudo -orbit 
with respect to Df— invariant splittings T^^M = E'^{xi) ® E^{xi), one has Df"'^{E^{xi)) fl 
T'^M C U {E^{xi+i) n T'^M, d) (^ = s, u) for all i, then there exists a Ld-shadowing point 
X E M for {xj,nj}^oo- Moreover, if {xi,ni}^^^ is periodic, i.e., there exists an m > 
such that Xi^rn = and Ui^rn = for all i, then the shadowing point x can be chosen to 
be periodic with period Cm, where Ci is the same as in ( IJ.i)) . 



Proof of Theorem 11.31 For C > and e = (A; + 1)K, by Lemma 14.11 there exist 
L = L{k, K, > 0, do = do{k, KX) > with the shadowing property as stated in 
Lemma Kl\ for any dE (0,(io]. 
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Now we consider d < j^. By Proposition 13. 4[ is closed, and the stable subbundle 
and unstable subbundle in the Oseledec splitting are continuous restricted on A^. Take 
6 G (0,rf) such that for all x,y e Ak with p{x,y) < 6 we have E| fl T*M C U{El n 
T*M,d), ^ = s,u. 

For a given 5-pseudo-orbit {xi, ni}f^^ with Xi, /"■'(xj) G A^ and rii > 2kK(yi), we get 
by Proposition 13.41 that every orbit segment {xi,ni} is {(, e) quasi-hyperbolic orbit seg- 
ment. So {xi,ni}f^^ is a {(, e) quasi-hyperbolic d-pseudo-orbit. That p(/"''(xj), a;i+i) < 
6 implies that 

Dr^{E^{xi)) n T*M C f/(E«(xi+i) n T#M, rf) = s, u)for all i. 

By Lemma WTl there exists a Lrf-shadowing point x G M for {xi,ni}l^^ and thus x is 
also a e-shadowing point. In particular, if {xi,ni}f^^ is periodic, i.e., there exists an 
m > such that Xj+m = Xj and n^+m = Ui for all i, then the point x can be chosen to be 
periodic and thus we complete the proof. □ 



5 Proof of Theorem 1.9 



In this section we prove Theorem II. 9[ and in order to do so we need a multiplicative 
ergodic theorem on the Birkhoff average, which approximates the Lyapunov exponent. 
Liao gave such a theorem in [8]. We use the multiplicative ergodic theorem by [1]. 

Lemma 5.1. Let f G Difr^(M) preserve an ergodic invariant probability measure fx, 
and E C TM be a Df— invariant subbundle defined over an f— invariant set with fi full 
measure. Let be the maximal Lyapunov exponent in E of the measure yU. Then, for 
any e > 0, there exists an integer such that for /i almost every point x G M and any 
N > N^, the Birkhoff averages 



1_ _^ II 7-. xTVl 



IN 

j=0 

converge towards a number contained in [A J, + e), when I — )■ -|-oo. 
The similar property holds for the minimal Lyapunov exponent. 

Proof This is Lemma 8.4 in [1], where E is assumed to be continuous on the support 
supp(/i). But the continuity of E and the compactness of supp(/i) contribute nothing to 
their proof there, one can thus get the version in Lemma [5. II bv repeating the proof word 
by word. □ 

Proof of Theorem 11.91 Take x = + C); then x < max{— A^, A„}. By Lemma ETT] 
there exists Ki = Ki{x) G and an /-invariant subset B{p) C of /i full measure 
such that for any K > Ki , Vx G -B(/i), we have 

^ log||L'/^|s.(pA'(j.^))|| ^ log m{Df^\Eu^pK^^))) 

3=0 j=-l 
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which imphes that for VO<r<K — 1, 



logllLTIs^cx)!! + Ej=oiogP/^U»(/^^+'-w)ll 

hm f— < -X, 5.5 

i^+oo IK + r 



and 

logm(D/n^„(^-OK+.)(^.))) + V7^^^1ogm(L)/^|s.(pX(^))) 

hm -— ^ >x- 5.6 

i-s>+oo IK + r 

RecaU a = max^.gM log l^Dfl) ■ Taking 

Ko > max{Ki, ^ '-}, 

we claim that the splitting © E'^ is (iiT, ■^^^Y^)-limit-dominated on B(fi) C for 
all K > Ko. In fact, let K = nS + q for some < g < 5 - 1. Since T^M = E'{x) © 
is {S, A)-hmit-dominated on L{fi), one has by Proposition 12.11 

jr^ log ''fY 'f^'^"^^'' < -2nA + qa, Vx G 

Note that < C < /3 < |, g < 5" - 1 and > f^o, we have 

-2nX + qa< -2{K - q)/3 + qa < -2K/3 + {S - l)(2/3 + a) < -K{P + C). 

Thus the splitting E' © is {K, )-limit-dominated on B{^). 

For the above > -K'o, we claim that the Pesin block Ak{K, () is not empty for 
large k. Fix x G B{fi), by fl5.5p and fl5.6p there exists ki = ki{x) such that for all 
I > ki, '^0<r<K — 1, one has 

iog||z;ru.(.)ii + E;'iiogp/^u-(P^+-(.))ii ^ 

log"^(-Png"(/-a^+0(x))) + Eji-; lQg"^(-P/^lE"(p^(x))) ^ 

Since the splitting E"©E" is (iT, )-limit-dominated on and -(C+/3) < -2C, 

by Remark 11.71 we can choose k2 = k2{x) such that for all / > k2K, 

llog ll^/^'l^-c/'W)!! <_2^. 



Using the inequality 

IK + r m{DfK+-\Eu(^)) 



hm T-^— log , r = A, - A„ < -2/3, 
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there exists = k^lx) such that for all / > and r = 0, 1, ■ ■ ■ ,K — 1, 

' iog ."'lC:'""", <-2c. 



IK + r ° m(Df"<*'\E.t,), 

Take k > 'max{ki, k2, k^} and then the three conditions in Definition 11.11 hold. Hence 
X G Ak{K, C) 7^ and the claim is true. We have then that 

Bif^)c\jA,{K, C). 

k>l 

Recall that the Pesin set A{K, () is the maximal /-invariant set in |J^>-^ Afc(i^', () and 
B{fi) is /-invariant, one has B{fi) C A{K, () and thus our Pesin set A is of /i full measure. 
□ 

In the proof of Theorem 11.91 we make use of three points of weak hyperbolicity: the 
maximal forward Lyapunov exponent for the stable bundle, the minimal backward and 
forward Lyapunov exponents for the unstable bundle and (forward) limit domination. Let 
us explain more precisely. Liao's quasi-hyperbolic orbit segment allows a big time step e 
and thus from its definition the first interval of the partition can be chosen longer. For 
an hyperbolic ergodic measure in setting. Lemma 15.11 ensures the first and second 
conditions in the definition of our Pesin set. Since the gap of the forward maximal 
Lyapunov exponent on the stable bundle and the forward minimal Lyapunov exponent 
on the unstable bundle can deduce the needed hyperbolicity for a large time step, the 
third condition in the definition of our Pesin set naturally holds for the first interval of 
the partition. But the conditions required for remaining intervals can't be deduced. Thus 
limit domination is needed and enough. 



6 Weak specification property and Approximation 
property of Invariant measures 

In this section we present a lemma for a weaker specification property and prove Proposi- 
tion ll.l2l Before that we recall Ak{K, Q = supp{fi\A^.(K,Q) and A{K, C) = [j'^^^Ak{K, () 
for a given Pesin set A{K, (). 

Lemma 6.1. Let f e Diff^(M) preserve an ergodic invariant probability measure fi. Then 
for every /i positive-measured set Ak{K^ Q, one has the weak specification property on it, 
that is, for any e > 0, there exist Xj. = X^(A;, e) > 0(r = 1, 2) with the following property. 
If for a given sequence of points xi,X2, ■ ■ ■ ,xn & Ak{N G N) and a sequence of positive 
numbers ni,n2, ■ ■ ■ , un, one has rii > 2kK and f"''Xi G fori = 1, 2, ■ ■ ■ , N, then there 
exist a periodic point z G M, a positive number p G [J2iLi + AfXi, J2iLi + ^^2], 
and a sequence of nonnegative numbers Cq = 0, Ci, • ■ ■ , cn-i, such that 

(1) fPz = z- 

(2) pif'^-^'-^z, f^Xi) < £, V J = 0, 1, ■ ■ ■ , n,, ^ = 1, 2, ■ ■ ■ , AT. 
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Proof of Lemma 16.11 Given Pesin block = Ak{K, () and e > 0, by Theorem 11.31 
there exists S > such that for any periodic 5-pseudo-orbit {xj, rij}^^ with rii > 
2kK and Xi,f^^{xi) G Ai^^K, () V i, there is a e-shadowing periodic point x G M for 

Choose and fix for a finite cover a = {Vi, V2, ■ ■ ■ , K-o) by nonempty open balls Vi 
in M such that diam{Ui) < 5 and jJiiU.,) > where Ui = ViH A^, i = 1, 2, ■ ■ ■ , tq. Since 
/i is / ergodic, by Birkhoff ergodic theorem we have 

1 

lim jJ2 f^ir'^iU.) ^ U,) = f^mfiiUj) > 0. (6.7) 

n=0 

Take 

= min{n G N | n > 2kK, fiif-'^iUi) H Uj) > 0}. (6.8) 
By dEID, 1 < Xij < +00. Let 

Xi = min Xij > 0, X2 = max Xij > 0. 

Now let us consider a given sequence of points Xi, X2, ■ ■ ■ , x^r G A^, and a sequence 
of positive numbers rii, ^2, ■ ■ ■ , JT-at satisfying > 2kK and /"'Xj G A^. Fix Ui^, Ui^ G a 
so that 

a^i G U,^,nxi eUi„i = l,2,---, N. 

Take |/j G t/jj by fl6.8p such that f^^'+^^O'hy^ g t/(i+i)o for i = 1, 2, ■ ■ • , — 1 and choose 
yN G t^Afi such that /"^('^+i)o.^i?/jv G f/i,,. Thus we get a periodic (5-pseudo-orbit in M: 



{/'(^i)}r=io u {/(yi)}r=t^^ u {nx2)}Zo u {/*(i/2)} 



i=0 



U U{/*(x^)}rfoU{/*(y^)}ir^^-'^^ 
satisfying 

Xi, r^(Xi), /^(-+i'o.n^, G Afe C Afc (V^). 

Hence by Theorem 11.31 there exists a periodic point z G M with period p = Yl^^iini + 
X(i+i)o,h) ^-shadowing the above sequence. More precisely, 



p{p-'^'z, fx,) < £, V J = 0, 1, ■ ■ ■ , n,, ^ = 1, 2, ■ ■ ■ , AT, 

where 

'0, for z = 

Ei=i[% + ^(i+i)o,ii]> for i = 1, 2, ■ ■ ■ , AT. 

Clearly p G [Eii + NX^ , ^ti + ^^^2] • □ 

Proof of Proposition 11.121 To deduce the density property of periodic measures, 
the weaker specification property in Lemma 16.11 is enough. One can take similar steps as 
in [5j or [9j. Here we omit the details. □ 
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